Quantum entanglement underlies quantum technologies 1 , and is notoriously sensitive to decohering processes. For this reason, many implementations take elaborate measures to remove entropy from their environments, e.g. cryogenics 2 or optical cooling [3] [4] [5] to reach mK to nK temperatures. Here we demonstrate that the opposite strategy, actively promoting strong interactions and thermalization, can excel in generating and preserving entanglement. We work with a vapour of 87 Rb heated to 450 K and a number density of 3.6 × 10 14 atoms/cm 3 . Under these conditions random spin-exchange collisions dominate the spin physics, giving a single-atom coherence time of ∼ 25 µs and rapid local spin thermalization 6 . This same physics paradoxically generates a maximum-entropy manybody state with much longer coherence time, via the so-called spin-exchange-relaxation-free (SERF) effect 7, 8 . To generate and quantify entanglement in this system, we perform optical quantum nondemolition 9,10 (QND) measurement and use Kalman filtering techniques to reconstruct the spin dynamics in real-time. We observe extremely efficient entanglement generation, including projection of at least 2.3 × 10 13 atoms into non-local singlet states that last for ∼ 1.8 ms, i.e., tens of thermalization times. In addition to breaking all records for entanglement generation 11, 12 , and synthesising for the first time a many-body state resembling a spin liquid 13 , this shows that the unique properties of SERF-regime ensembles are extremely attractive for QND-based quantum technologies, with potential applications in quantum memories 14 , quantum sensing 15,16 and quantum simulation 13,17-20 .
Quantum entanglement underlies quantum technologies 1 , and is notoriously sensitive to decohering processes. For this reason, many implementations take elaborate measures to remove entropy from their environments, e.g. cryogenics 2 or optical cooling [3] [4] [5] to reach mK to nK temperatures. Here we demonstrate that the opposite strategy, actively promoting strong interactions and thermalization, can excel in generating and preserving entanglement. We work with a vapour of 87 Rb heated to 450 K and a number density of 3.6 × 10 14 atoms/cm 3 . Under these conditions random spin-exchange collisions dominate the spin physics, giving a single-atom coherence time of ∼ 25 µs and rapid local spin thermalization 6 . This same physics paradoxically generates a maximum-entropy manybody state with much longer coherence time, via the so-called spin-exchange-relaxation-free (SERF) effect 7, 8 . To generate and quantify entanglement in this system, we perform optical quantum nondemolition 9,10 (QND) measurement and use Kalman filtering techniques to reconstruct the spin dynamics in real-time. We observe extremely efficient entanglement generation, including projection of at least 2.3 × 10 13 atoms into non-local singlet states that last for ∼ 1.8 ms, i.e., tens of thermalization times. In addition to breaking all records for entanglement generation 11, 12 , and synthesising for the first time a many-body state resembling a spin liquid 13 , this shows that the unique properties of SERF-regime ensembles are extremely attractive for QND-based quantum technologies, with potential applications in quantum memories 14 , quantum sensing 15, 16 and quantum simulation 13, [17] [18] [19] [20] .
Different quantum technologies require different features of entanglement: Device-independent communication protocols 21 require long-range entangled pairs, motivating satellite entanglement distribution 22 and quantum repeater 23 strategies. Universal quantum computing 1 requires entanglement of all the qubits in a register, motivating quantum error correction methods 24, 25 . Quantum simulation has still other entanglement requirements. For example, analogue simulation 17 of Anderson's spin-liquid model for high-temperature superconductivity 13 requires an entangled state in which all spins are entangled with all others, independently of their relative positions, to form a complex spin singlet. This requires both complex entanglement, as in computing, and distributed entanglement of subsystems that do not directly interact, as in quantum repeaters. While strong cooling into entangled ground states of an engineered Hamiltonian is a direct way to produce such states, the challenges to such cooling are formidable [3] [4] [5] . This motivates searches for new ways to generate large-scale atomic entanglement. One such method is optical quantum non-demolition (QND) measurement 9,10 : a beam of light is coherently coupled to all of the target atoms and then measured. By the coupling, an atomic collective observable, e.g. the total spin of the ensemble, becomes entangled with an observable property of the light such as phase or polarization angle. When the light is subsequently detected, the atoms experience entanglement swapping that leaves them in a state approximating an eigenstate of the collective observable, e.g. a Dicke state. QND measurements can be remarkably efficient, for example causing 5.5 × 10 5 atoms to form singlets in a population of 1.1 × 10 6 atoms 11 . In the quantum simulation context, QND methods were first proposed 18, 19 as a means to detect and distinguish unpolarized phases containing singlet-type entanglement bonds, and later shown to also be capable of producing such phases 20 . QND methods have been used to generate entanglement in low-density cold gases 11, 15, 16, [26] [27] [28] [29] [30] , a scenario in which inter-atomic interactions are negligible.
Here we report three main advances in the use of QND measurements to generate atomic entanglement: We show that the method can work with hot atomic systems, that the method can operate also when the atomic dynamics include strong local interactions, and that the entanglement is generated nonlocally, in our case over mm length scales whereas the nearest-neighbour distance is µm. Combining these, we use QND measurement to generate an entangled state with several features of the spin-liquid state: a large number of atoms, at least 2.3 × 10 13 as detected by spin squeezing inequalities, participating in long-range singlets, in a system that is both hot and dominated by short-range inter-atomic spin dynamics.
The atomic system is an atomic vapour of 87 Rb in the spin-exchange-relaxation-free (SERF) regime 7 (see Spin dynamics part in Methods ). SERF-regime vapours offer the unusual combination of high-optical depth and long coherence times, both of which are important for QND measurement. In ordinary atomic vapours, high number density, and thus high optical depth (OD), implies also high decoherence rates, principally through spin-exchange (SE) collisions. In SERF, however, the SE collisions are made to dominate the spin dynamics through even higher densities and low magnetic fields, leading to a kind of motional averaging that prevents spin decoherence. This effect has previously been translated into orders-of-magnitude improvements in the sensitivity of optical magnetometers 31, 32 . Here we demonstrate the utility of the SERF regime for entanglement generation.
The spin dynamics of dense alkali vapours 33,34 is characterized by a competition of several local spin interactions, Rb ensemble and 100 torr of N2 buffer gas housed in a low-noise magnetic enclosure. The transmitted light is detected with a shot-noise-limited polarimeter (a Wollaston prism (WP) plus differential detector), which indicates Jz, the projection of the collective spin J on the probe direction, plus optical shot noise. A static magnetic field along the [1, 1, 1] direction causes the spin components to precess as Jz → Jx → Jy every one-third of a Larmor cycle. In this way the polarimeter record contains information about all three components 11 . c) Representative sample of polarimeter signal (blue) including both shot noise and atomic spin signal, and recovered atomic spin signal (red) found by Kalman filtering. d) Symbols: Total variation |∆J| 2 of the Kalman filter estimate as a function of decay and applied gradient for d|B|/dz = 0 nT mm −1 (violet, bottom) to 57.2 nT mm −1 (red, top). Curves show exponential fits. The faster loss of singlets caused by larger gradient reveals the non-local character of the generated entanglement bonds.
diffusion, and interaction with external fields, buffer gases, and wall surfaces. Perhaps due to this complexity, to date there has been little study of the quantum statistical properties of such dense vapours 35, 36 . If j (k) and i (k) are the kth atom's electron and nuclear spins, respectively, the spin dynamics, including sudden collisions, can be described by the time-dependent Hamiltonian
where the terms describe the hyperfine interaction, spinexchange (SE) collisions, spin-destruction (SD) collisions and Zeeman interaction, respectively. A hf is the hyperfine (HF) splitting and t
is the (random) time of the n-th SE collision between atoms k and l, which causes mutual precession of j (k) and j (l) by the (random) angle θ n . We indicate with R SE the rate at which such collisions decohere a typical atom. Similarly, the last term describes rotations about the random direction d m by random angle ψ m , and causes spin depolarization at a rate R SD . γ e = 2π × 28 GHz T −1 is the electron spin gyromagnetic ratio. We neglect the much smaller i · B coupling.
In the SERF regime we have the hierarchy A hf R SE γ e |B|, R SD , with the following consequences: on short times, the combined action of the HF and SE terms rapidly thermalizes the state, i.e., generates the maximum entropy consistent with the ensemble total angular momentum F, which is conserved by these interactions. We indicate this Fparametrized max-entropy state by ρ (th) F . We note that entanglement survives the thermalization process; for example ρ (th) F=0 is a singlet and thus necessarily describes entangled atoms. On longer time-scales, F experiences precession about B due to the Zeeman term and diffusive relaxation due to the depolarization term.
During such precession, the collective electron spin J remains proportional to F, with its evolution described by the Langevin equation (see Methods -Spin dynamics)
where γ = γ e /q is the SERF-regime gyromagnetic ratio, q = 6 is the nuclear slowing-down factor 34 , Γ is the net relaxation rate including diffusion, spin-destruction collisions and probe-induced decoherence, Q is the equilibrium variance (see below) and dW h , h ∈ {x, y, z} are independent Wiener increments.
Faraday rotation probing detects the collective electron spin J ≡ k j (k) by coupling to the probe polarization. On passing through the ensemble the optical polarization experiences rotation by an angle gJ z (t) 1, where z is the propagation axis of the probe and g is light-atom coupling constant. This rotation is detected by a balanced polarimeter (BP), which gives a signal proportional to the Stokes parameter
where S x is the Stokes component along which the input beam is polarized 37 . S (in) y (t) is a zero-mean Gaussian process, whose variance is dictated by photon shot-noise and is characterized by a power-spectral analysis of the BP signal 38 . Based on Eqs. (2) and (3), we employ the Bayesian estimation technique of Kalman filtering 39 (KF) to recover J(t) as shown in Fig. 1 c) . The KF (see Methods -Kalman filter) gives both a best-estimate and a covariance matrix Γ J (t) for the components of J(t), which gives an upper bound on the variances of the post-measurement state. In particular, the total variation |∆J| 2 ≡ Tr[Γ J ] can be compared against spin squeezing inequalities 40-42 to detect and quantify entanglement: Defining the spin-squeezing parameter ξ 2 ≡ |∆J| 2 /SQL, where SQL ≡ N A /2 is the standard quantum limit, ξ 2 < 1 detects entanglement, indicating a macroscopic singlet state 11 . The minimum number of entangled atoms 43 is (1 − ξ 2 )N A . The cell temperature was stabilized at 450 K to give an alkali number density of n Rb = 3.6 × 10 14 atoms/cm 3 , calibrated as described in Methods -Density calibration, and thus N A = 5.3 × 10 13 atoms within the 3 cm × 0.049 cm 2 effective volume of the beam. At this density, the SE collision rate is R SE ≈ 41 × 10 3 s −1 . By varying B we can observe the transition to the SERF regime, and the consequent development of squeezing. Fig. 2 a) shows spin-noise spectra (SNS) 36, 38 , i.e., the power spectra of S (out) y , for different values of B, from which we determine the resonance frequency ω L = γB, Γ and the vapor alkali density. Using these as parameters in the KF (see Methods -Kalman filter), we obtain |∆J| 2 as shown in Fig. 2 b) , including a transition to squeezed/entangled states as the system enters the SERF regime. At a Larmor frequency of 1 kHz and optical power 1 mW, we observe ξ 2 = 0.57 or 2.4 dB of spin squeezing, which implies at least 2.3 × 10 13 of the 5.3 × 10
13
participating atoms have entered singlets as a result of the measurement. This number exceeds the current records for measurement-induced entanglement 11 by about eight orders of magnitude, and entanglement generation by any means 12 by about two orders of magnitude. We use this power and field condition for the experiments described below.
We now study the spatial distribution of the induced entanglement. As concerns the observable J = i j (i) , the relevant dynamical processes, including precession, decoherence, and probing, are permutationally-invariant: Eqs. (2) and (3) are unchanged by any permutation of the atomic states. This suggests that any two atoms should be equally likely to become entangled, and entanglement bonds should be generated for atoms separated by ∆z ∈ [0, L], where L = 3 cm is the length of the cell. Indeed, such permutational invariance is central to proposals [18] [19] [20] that use QND measurement to interrogate and manipulate many-body systems. There are other possibilities, however, such as optical pumping into entangled sub-radiant states 44, 45 , that could produce localized singlets.
We test for long-range singlets by applying a weak gradient B ≡ d|B|/dz during the cw probing process. As shown in Fig. 1 a) , bottom, singlets with separation ∆z will convert into triplets and back at angular frequency 46 Ω = γB ∆z. The range δ∆z of induced separations then induces a range δΩ = γB δ∆z which describes a relaxation rate. In Fig. 1 d) we show the KF-estimated |∆J| 2 as a function of B and of time since the last data point, which clearly shows faster relaxation toward a thermal state with increasing B . For ∆z on the order of a wavelength, as would describe subradiant states, this gives δΩ ∼ 1 s −1 , even at the largest gradient B = 57.2 nT mm −1 . This clearly disagrees with observations and we conclude the singlets cannot all be shortrange. In contrast, if any pair of atoms is equally likely to form a singlet, the r.m.s. separation ∆z = L/ √ 24 implies δΩ ∼ 1 × 10 4 s −1 for B = 57.2 nT mm −1 . Considering the simplicity of the model used here, this plausibly agrees with the observed additional relaxation (relative to B = 0) of 2.7 × 10 3 s −1 , found by an exponential fit. We conclude the typical singlet separation is indeed several millimeters, which is tens of thousands times the nearest-neighbour distance.
We have demonstrated very efficient and large-scale entanglement generation by quantum non-demolition measurement: at least 2.3 × 10 13 atoms entangled every few milliseconds. This number exceeds previously-reported entanglement records by two to eight orders of magnitude.
More important than the number of entanglements is the fact that it was achieved in a strongly thermalized gas, showing that thermal interactions need not be deleterious to entanglement production or preservation. The result is especially intriguing for quantum simulation, as it strongly mirrors proposals 20, 47 that use QND measurements on stronglyinteracting systems to detect and engineer long-range entanglement of unpolarized phases resulting from frustrated hamiltonians, e.g. spin liquids. Much work remains to be done to fully understand the spin dynamics underlying these observations; in the experiment a typical atom experienced spin-exchange with its neighbours roughly forty times faster than it became entangled with distant atoms, so no fewbody picture of the process can adequately describe the entanglement dynamics. The work also shows for the first time quantum entanglement effects in SERF-regime atomic vapours, and showcases their potential for other QND-based quantum technologies, including quantum memory 14 and quantum-enhanced sensing 15, 16 applications. Acknowledgments. We thank Geza Tóth and Jan Kolodynski for helpful discussions. This project has received funding from the European Unions Horizon 2020 research and innovation programme under the Marie SklodowskaCurie grant agreements QUTEMAG (no. 654339). The METHODS Balanced polarimeter signal. The photocurrent I(t) of the balanced polarimeter shown in Fig. (1) is
where the detector's responsivity = qη/E ph is proportional to its quantum efficiency η, charge of the electron q, and photon energy E ph . To account for its spatial structure in Eq.(4) the integral is carried over the area of the probe. From Eq.(3) and Eq.(4) one obtains the differential photocurrent increment
where the sthochastic increment dw sn (t), due to photon shot-noise, is given by dw sn (t) = ηṄ dW withṄ being the photon-flux and dW ∼ N (0, dt) representing a differential Wiener increment. In our experiments the photocurrent I(t) is sampled at a rate ∆ −1 = 200 kSamples/s. To formulate the discrete-time version of Eq. (4) we consider the sampling process as a short-term average of the continuous-time measurement. The photocurrent I(t k ) recorded at t k = k ∆, with k being an integer, can then be expressed as
where the Langevin noise
ηṄ /∆, with ∆ −1 quantifying the effective noisebandwidth of each observation.
Density calibration. In the SERF regime, and in the low spin polarization limit, decoherence introduced by SE collisions between alkali atoms is quantified by 7, 31, 34 π∆ν SE = ω 
where for 87 Rb atomic samples the nuclear spin I = 3/2, and ω L = γ e |B|/q. In Eq. (7) the spin-exchange collision rate R SE = σ SE n Rb V is proportional to the alkali density n Rb with proportionality dictated by the SE collision cross-section σ SE and the relative thermal velocity between two colliding 87 Rb atoms V . Using the reported value 6 of σ SE = 1.9 × 10 −14 cm 2 and V = 4.75 × 10 4 cm/s, which is computed for 87 Rb atoms at a temperature of 450 K, we then calibrate the alkali density by fitting the measured linewidth ∆ν as a function of ω L . The model used consists of ∆ν = ∆ν 0 + ∆ν SE , where ∆ν SE is given by Eq. (7), with n Rb and ∆ν 0 as the free parameters. In Fig. (3) we show a fit to the data taken at 450 K with a probe optical power of 1 mW from which we obtain n Rb = 3.6 × 10 13 cm −3 . Spin dynamics. We model the dynamics of the average bulk spin of our hot atomic vapour in the SERF regime 31, 34, 48 and in the presence of a magnetic field B in the [1,1,1] direction, i.e. B = B(x +ŷ +ẑ)/ √ 3, as
where the matrix A ij , with i, j = x, y, z, includes dynamics due to Larmor precession and spin relaxation, it can be expressed as A ij = −γB x ε xij + Γ ij with the elements of the relaxation matrix Γ proportional to T SE , the relaxation rates appropriate for spin components parallel and transverse to B, respectively. We note that in the SERF regime the decoherence introduced by SE collisions between alkali atoms is quantified by Eq. (7) 31,34 . To account for fluctuations due to spin noise in Eq. (8) we add a stochastic term √ σdW where dW h , h ∈ {x, y, z} are independent Wiener increments. Thus the statistical model for spin dynamics reads
where the strength of the noise source σ, the matrix A, and the covariance matrix in statistical equilibrium Q = E[J i (t)J j (t )] are related by the fluctuation-dissipation theorem
from which we obtain σ = 2ΓQ. Defining the state transition matrix Φ(t, t 0 ) as the solution to Eq. (8) and assuming J k−1 as the state of the spin at time t = t k−1 , then the stochastic, unconditional evolution during the time interval t k − t k−1 = ∆ is described by the multi-normal distribution
Kalman filter. We construct the estimatorJ t of the macroscopic spin vector using the continuous-discrete version of Kalman filtering 39 . This framework relies on a twostep procedure to construct the estimatex t , and its error covariance matrix Σ = E (x t −x t )(x t −x t ) T , of the state x t of a continuous-time linear-Gaussian process, in our case J(t), that is observed at discrete-time intervals.
In the first step, also called the prediction step, the values at t = t k ,J k|k−1 and Σ k|k−1 , are predicted conditioned on the process dynamics and the previous instance,J k−1|k−1 and Σ k−1|k−1 , as follows:
where Φ k,k−1 and Q ∆ k are defined above. In the second step, or update step, the information gathered through the fresh photocurrent observation I k is incorporated into the estimate:
where H k = [0, 0, ηgṄ ] and the Kalman gain K k is defined as
As dicussed in previous work 39 the KF is initialised according to a distribution that represents our prior knowledge about the system at time t = t 0 and fixesJ 0|0 ∼ N (µ 0 , Σ 0 ). After initialization KF estimates for the covariance matrix Σ k|k undergo a transient and once this transient has decayed they converge to a steady state value Σ ss . In Fig. (4) we observe this behaviour for the total variation |∆J| 2 ≡ Tr[Γ J ] as a function of time t = t k , where Γ J = Σ k|k .
Gradient field tests. A weak gradient magnetic field is applied along the probe (z) direction by coils implemented inside the magnetic shields. In Fig. (5) we plot all the three components of |∆J| 2 : |∆J z | 2 ≡ Γ J (1, 1), |∆J x | 2 ≡ Γ J (2, 2), and |∆J y | 2 ≡ Γ J (3, 3) , as a function of gradient field. Here Γ J (i, i) = Σ ss (i, i). We observe that the variance of each component increases towards the TSS noise level with gradient field. According to our experimental geometry and KF model, at time t = t k , J z is probed, while the detected components J x and J y correspond to their states at 1/3 and 2/3 Larmor cycle intervals earlier, therefore they can be used to indicate the evolution of J z in a Larmor cycle under gradient field but without probing as shown in Fig. 1  d) . 
